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Abstract. In this paper, we mainly discuss analytical expres- 
sions of positive definiteness for a special 4th order 3-dimensional 
symmetric tensor defined by the constructed model for a physi- 
cal phenomenon. Firstly, an analytically necessary and sufficient 
conditions of 4th order 2-dimensional symmetric tensors are given 
to test its positive definiteness. Furthermore, by means of such a 
result, a necessary and sufficient condition of positive definiteness 
is obtained for a special 4th order 3-dimensional symmetric ten- 
sor. Such an analytical conditions can be used for verifying the 
vacuum stability of general scalar potentials of two real singlet 
scalar fields and the Higgs boson. The positive semi-definiteness 
conclusions are presented too. 
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1 Introduction 


In particle physics, the scalar potential is written as a polynomial in scalar 
fields. The polynomial degree of the potential is 4 when one keeps the scalar 
interactions renormalizable [28]. Then the condition for the potential of n 


real scalar fields ¢; (i = 1,2,--- ,n) to be bounded from below in the strong 
sense is equivalent to the requirement that for all vectors @ = (¢1,--- ,@n) € 
R” \ {0}, , 
V(b) = X` vignrdidj beer > 0. (1.1) 
i,j,kl=1 


Let V = (viji). Then V is a 4th order symmetrical tensor, and hence, the 
above requirement (1.1) is the positive definiteness of the tensor V. Qi [46,47] 
first introduced positive definiteness and copositivity of tensors. An mth 
order n dimensional real tensor V = (Viisin) is said to be 


(i) positive semi-definite if Va™ = XO Mh Tateo ee, & 0 for 
11,12,.°°° tm=1 


all x € R” and even number m; 


(ii) positive definite if Vx > 0 for all x € R” \ {0} and even number m; 


(iii) copositive if Vx™ > 0 for all x > 0; 
(iv) strictly copositive if Vx™ > 0 for all x > 0 and z £0. 


Kannike [30-32] presented the vacuum stability conditions of general s- 
calar potentials of two real scalar fields ¢, and 2 and the Higgs doublet 
H, and studied the sufficient condition of boundedness from below for scalar 
potential of the SM Higgs Hj, an inert doublet Hy and a complex singlet 
S. In fact, such two problems solved by Kannike [30] are to respectively re- 
quire positive definiteness and copositivity for the corresponding 4th order 3- 
dimensional symmetric tensors. Also see Faro-Ivanov [15], Belanger-Kannike- 
Pukhoy-Raidal [3,4], Ivanov- Kopke-Miihlleitner [28] for more details. In 
Refs. [24—27,39], one can construct only one quadratic term and five quartic 
terms for the Higgs potential with the help of three Higgs doublets with e- 
qual electroweak quantum numbers, which is a quartic polynomial with real 
coefficients defined on complex field. Toorop-Bazzocchi-Merlo-Paris [1,2]and 
Degee-Ivanov-Keus [12] turned such a polynomial from complex field to real 


field. In fact, they are trying to look for the analytical condition of such a 
polynomial to be positive. 

Recently, Song-Qi [58] and Liu-Song [38] have respectively gave the dif- 
ferently sufficient condition of copositivity for 4th order 3-dimensional sym- 
metric tensors to find the vacuum stability conditions of scalar potential of 
the SM Higgs Hı, an inert doublet H and a complex singlet S. Very re- 
cently, Qi-Song-Zhang [43] showed a necessary and sufficient condition of 
copositivity for such a tensor given by the above particle physical model. 

In the past decades, many numerical algorithms were established to find 
some H-(Z-)eigenvalues of a tensor [6, 8, 11, 20-23, 40-42, 46, 48, 49, 61], and 
then, they may be applied to test the positive definiteness of such an even 
order tensor by means of the sign of the smallest H-(Z-)eigenvalue. On the 
other hand, some classes of even order tensors with special structures may de- 
termine directly their positive definiteness. For example, Hilbert tensors [51], 
diagonal dominant tensors [46], B-tensors [13,37,50,53,60], M-tensors [14,62], 
strong Hankel tensors [9,45], generalized anti-circular tensor [36], symmetric 
Cauchy tensor [5], are in this category. For more structured properties of 
tensors, see [48, 49, 53-57]. 

However, the practical matters such as the vacuum stability of general 
scalar potentials of a few fields require analytical expressions. The most 
general scalar potential of two real scalar fields ¢, and @2 and the Higgs 
doublet H (Kannike [30—32]) is 


V (¢1, 62, ||) =Ag| H| + Amol H| 9] + AnuH 162 + Ano2|H|?¢5 


1.2 
+ Aoi + Asi bib + Ar2b745 + à130103 + A0463. ae 


Clearly, such a polynomial of the degree 4 can define a 4th order 3-dimensional 
symmetric tensor, and hence, the vacuum stability of such a scalar potential 
is equivalent to the positive definiteness of such a tensor. So this requires an 
analytically necessary and sufficient condition of positive definiteness. For 
a 4th order 2 dimensional symmetric tensor, the analytical condition of its 
positive definiteness traced back to ones of the Refs. Gadem-Li [17], Ku [33] 
and Jury-Mansour [29]. Wang-Qi [59] improved their proof and conclusions. 
However, the above result depend on the discriminant of such a polynomial. 
Recently, Guo [18] showed a new necessary and sufficient condition without 
the discriminant. Very recently, Qi-Song-Zhang [44] gave a new necessary and 
sufficient condition other than the above results. Hasan-Hasan [19] claimed 
that a necessary and sufficient condition of positive definiteness of 4th order 


3-dimensional symmetric tensor was proved without the discriminant. How- 
ever, there is a problem in their process of argumentation. In 1998, Fu [16] 
pointed out that Hasan-Hasan’s results are all sufficient only. Until now, 
we don’t know the analytically necessary and sufficient condition of positive 
definiteness for a 4th order 3-dimensional symmetric tensor. 

In this paper, we mainly concentration on the analytical expressions of 
positive definiteness for a special 4th order tensor given by (1.2). More 
precisely, by means of Qi-Song-Zhang’s result, we first show an analytical- 
ly necessary and sufficient condition of positive definiteness of 4th order 2 
dimensional symmetric tensors. Secondly, with the help of this conclusion, 
we discuss positive definiteness of a 4th order 3-dimension symmetric tensor 
defined by (1.2). Then these analytical conditions are the vacuum stability 
conditions for the potential (1.2) of two real scalar fields ¢; and ¢; and the 
Higgs doublet H. 


2 Preliminaries and Basic facts 


A 4th order 3-dimensional real tensor V consists of 81 entries in the real field 
R, i.e., 


V= (Vase) Vijkl € R, i,j, Kyl = 1, 2,3. 


A tensor V is said to be symmetric if its entries vijų, are invariant for any per- 
mutation of its indices. It is known that a 4th order 3-dimensional symmetric 
tensor V is composed of 15 independent entries only, 


U1111, U2222, U3333, U1222, V1333, V1112, V1113, U2333, (2 1) 


U2223, V1122, V1133, U2233, V1223, V1123, V1233- 


It is obvious that there is a consistent one-to-one match between a 4th order 
3-dimensional symmetric tensor and a homogeneous polynomial of degree 4 
with 3 variables. Such a homogeneous polynomial, denoted as V2", i.e., 


3 
Vii = ` Csi Teli. (2.2) 
i,j,kl=1 
Let ||- || denote any norm on R”. Then the following conclusions on unit 


sphere are known [46, 48, 49, 52]. 


Lemma 2.1. ( [/6]) Let V be a 4th order symmetric tensor and let S be the 
unit sphere on R”, S = {x E R” : |x|] =1}. Then 


(i) V is positive semi-definite if and only if Vx‘ > 0 for all x € S; 
(ii) V is positive definite if and only if Vxt > 0 for all x € S. 


The following results should be well-known, which is showed hundreds of 
years ago. Also see Qi-Song-Zhang [44]. 


Lemma 2.2. Let P(t) be a quadratic polynomial, 
P(t) = at? +bt +c, 
witha >0. Then P(t) > 0 (> 0) for allt > 0 if and only if 
(1) b> 0 ende> 0 ( 0); 
(2) b <0 and 4ac — b? > 0 (> 0). 


In the proof of main results, we will use the following lemma, which were 
proved by Qi-Song-Zhang [44], recently. 


Lemma 2.3. Let P(t) be a quartic polynomial, 
P(t) = att + bt? + ct? + dt +e, 


where a > 0 ande > 0. Then P(t) > 0 for allt if and only if A > 
0, |b,/e — dy/a| < 4,/ace + 2ae,/ae and either (i) —2,/ae < c < 6,/ae; or 
(ii) c > 6yae and |bye + dya| < 4y ace — 2ae yae, where 


A = 4(12ae — 3bd + °)? — (72ace + 9bcd — 2c? — 27ad? — 270e)’. 
Furthermore, P(t) > 0 for all t if and only if 
(1) A=0, bye = dya, b? + 8ayae = 4ac < 24a,/ae; 


(2) A> 0, |bye — dya| < 4\/ace + 2ae,/ae and either (i) —2,/ae<c< 
6./ae, or (ii) c > 6yae and |b\/e + dya| < 4,\/ace — 2ae yae. 


3 Positive definiteness of 4th order symmet- 
ric tensors 


In this section, we mainly discuss analytical expressions of positive definite- 
ness of 4th order tensors. Furthermore, we present a necessary and sufficient 


condition of positive definiteness for a special 4th order 3-dimension sym- 
metric tensor defined by mathematical models in particle physics. 


3.1 4th order 2 dimensional symmetric tensors 


Theorem 3.1. Let V = (v;j;x) be a 4th order 2 dimensional symmetric tensor 
and let 


2 
I =v1111V2222 — 40111201222 + 3V221> 
— 3 2 2 
J =V4111V1122V2222 + 2V11120112201222 — Uii22 — V1111V1222 — V1112V2222.- 


Then V is positive definite if and only if v1111 > 0, V2222 > 0 and 


3 = = 
(1) I? — 273° = 0, U1112v/ V2222 = V1222 4/1111; 
2 _ ; 
viii + Qi V1111V2222 = 6V1111V1122 < 6041117011110 22293 
(2) P —27J? > 0, 
[U11112 4/02222 = V12224/V1111| < 1/ 6v11110122102222 + 24y (U1111V2222)3, 


(i) —/V111102222 < 3V1221 < 3/0111 02229; 
(ii) vi221 > JV111102222 and 


|U1112,/02222 + V12224/V1111 | < 1/ 6v11110122102222 — 24/ (v11112222)3. 


Proof. Let a vector x = (£1, £2)! be on the unit sphere, 


ell = 4/2? + 22 = 1 and z; € R for i = 1,2. 


Without loss of generality, we may assume x2 Æ 0. For a vector x = (21, 22)", 
we have 


2 
Vrt = er 
Tt = Vijkl Lil j LEX] 


i,j,k, l=1 


4 3 2,2 3 4 
=01111%] + AV 11907 Lo + OV1122L1 L3 + 4V1299%125 + V222213, 


and hence, 


4 4 3 2 

Va Ly Ly Ly Ly 

—y = Un | | +40 | — | + 6vnz | — | + 41222 | — | + v22. 
T3 T2 T2 T2 T2 


Clearly, Va* > 0 if and only if 


P(t) = atf + bt? + ct? + dt+e>0 


with 
a = Vii, b = 4vi112, C= 64122, d= 4U1222, € = U2299. 


Then 
A =4(12ae — 3bd + °)’ — (72ace + 9bcd — 22 — 27ad? — 27b*e)? 


=4(1201111V2222 — 480111201222 + 367499)? — (72 X 6V1111V112202222 
+ 72 x 120111201122V1222 — 72 X 6 U9 99 — 72 x 6v1111U 9999 
— 72 x 67, 1502022)" 

=4 x 12?(I? 977"): 


and hence, the sign of A is the same as one of (I? —27J?). So, it follows from 
Lemma 2.3 that the expected conclusions are obtained by simply calculating. 


Using similar proof technique, the following result is easy to be showed 
by Lemma 2.3. This is a repetitive work, we omit its proof. 


Theorem 3.2. A 4th order 2 dimensional symmetric tensor V = (viji) with 
v1111 > 0 and vəs > 0 is positive semi-definite if and only if I? — 27J? > 0, 
|v1112 4/02222 — U12224 vrl < 1 Gviseiz21 2222 F 2y (V111102222)°, 

(i) —4/V1111V2222 S 3VUi221 L 3y U4111U22225 

(ii) Vi2e1 > /Vii11102222 and 

[v1112 02222 T V12224/V1111| < y/ 6vin0122102222 = 24y (V11112222)?. 


Next we give an analytically necessary and sufficient condition of the 
vacuum stability of two real scalar fields ¢; and @2 in particle physics. The 
most general scalar potential of two real scalar fields ¢; and @2 can be written 
as 


V (d1, 62) = Aso + Asi PiG1 + A220102 + A130103 + Aoady = VO", (38.1) 


7 


where V = (vjj,:) is the coupling tensor and ¢ = (¢1,¢2)' is the vector 
of fields (Kannike [30—32]). In fact, the vacuum stability of two real scalar 
fields ¢; and ¢2 is equivalent to the positive definitnness of the coupling 
tensor V = (v;;4) with its entries 


1 1 1 
vuu = A40, U2222 = A04, V1112 = rae V1122 = 22 U1222 = 7^3 


Then we have 


A =4(12As0Ao4 — 3A31A13 + A22) 


3.2 
= (72A40A22X04 + 9X31A22A31 = a5 = 27 AaoAi3 = 273, oa)”. ( ) 


Then from Theorem 3.1 (or Lemma 2.3), the following result is easy to obtain. 


Theorem 3.3. V(¢1,¢2) = Vot > 0 for all 6 = (¢1, ¢2)' € R?/{0} if and 
only if A40 > 0, doa > 0 and 


(1) A=0, AsivAoa = A13v Ado; 
A31 + 8AsoWV Adora = 4Adg0A22 < 24AsoVAs0A04; 


(2) A > 0, |A31 V Ao = A13 V A10] < Aa/ Nap Ana rod + 2\40A04 V A4004; 
(i) —2vV A4004 < A22 < 6V A40A04; 
(ii) A22 > 6y A40A04 and 
[A31 V04 + 13V Ado] < 4y/ Aso À22À04 — 2A40Ao4 V À40A04- 


In fact, these analytical conditions are the vacuum stability conditions for 
the potential (3.1) of two real scalar fields ġı and gı. 


3.2 4th order 3 dimensional symmetric tensors 


The most general scalar potential of two real scalar fields ¢, and ¢2 and the 
Higgs doublet H (Kannike [30-32]) is 


V (61, ġa, ||) =An|A|* + Anoo|H|?67 + Anul H| bio + Ano2|H [45 
+ Asodt + Asi Pi b2 + A220103 + A13¢163 + Aosd3, (3.3) 
=\pg| H|“ F M (Qı, 2) |H|? F V (Qı, 2), 


where 


M(¢1, 62) = An2007 + AH116162 + An0263 (3.4) 


8 


and 


V (ei, 62) = V(d1, b2,0) = ATHA P}h2+A22b7654-A136163+A04G3- (3.5) 


Recently, Kannike [30,31] studied the positive definiteness of V (1, ¢2, |H]), 
and gave a sufficient condition of V (¢1, ¢2,|H|) > 0. 

In this subsection, we will present a necessary and sufficient condition of 
positive definiteness for the particle physical models (3.3). 

Let x = (¢1, ¢2, |H|)". Then V(¢1, $2, |H|) = Vat, where V = (viji) is a 
4th order 3 dimensional symmetric tensor with its entries 


1 1 
Vi =\40, U2222 = Ao4; U3333 = ÀH, Vi112 = rae U1222 = 7% 
1 
V1133 =z» U11122 = g2 U2233 = gA (3.6) 
V1233 = JAE: Vijnt = 0 for the others. 


Clearly, the tensor given by V(¢1, 2) is a 4th order 2 dimensional principal 
sub-tensor of V. 


Theorem 3.4. Let V = (v;;x1) be a 4th order 3 dimensional symmetric tensor 
given by (3.6) with Ag > 0. Then V is positive (semi-definite if and only if 
for all ¢ = (1, ¢2)' € R?/{0}, 


(1) M (Q1, $2) > 0 and V (1, 2) >0 (> 0); 
(2) M(¢1,¢2) < 0 and 4AHV (%1, 62) — (M (¢1, $2))? > 0 (= 0), 
where M(ġ1, 2) and V(¢,, Q2) are respectively defined dy (3.4) and (3.5). 


Proof. Let x = (x1, £2, £3)! = (61, Q2, | H|)". It follows from the equations 
(3.3) and (3.6) that 


Vrt = Ay|H|* + M (Q1, ¢2)|H|? + V(r, 2). 
Which may be regarded as a quadratic polynomial with respect to | H|? with 


a = àg, b = M (41, 2), C= V (d1, 2), t= AP. 


So the expected conclusions are yielded by Lemma 2.2. 


It is obvious that M (¢1, @2) is a quadric form with respect to two variables 
$1, $2, and hence, the inequality M(¢1, ¢2) > 0 is equivalent to positive semi- 
definiteness of its coefficient matrix. That is, 


1 
An20 = 0, Ano2 > 0, AH20AH02 — pin > 0. 


Similarly, the inequality M (¢1, ¢2) < 0 is equivalent to negative definiteness 
of its coefficient matrix, i.e., 


1 
An20 < 0, AHo2 < 9, AH20AHO2 — pm < 0. 


At the same time, the inequality V (¢1, 2) > 0 can be obtained by Theorem 
3.3. Let 
Nig =4Aa0AH — AF0, Ada = 4A04AH — A?i, 
A31 =4AnA31 — 2An20Am1; Aig = 4AnA13 — 2AH02AH11; 
Nog =4ÀHÀ22 — 2ZAn20AH02 — AF; (3.7) 
A =4(12A40A04 = 3X31 M43 F doo)” 
— (TAN ABAA + 9A31A22A31 — 2A32 — Z7AGOATS — 2751 A0) 


Now we present a necessary and sufficient condition of the inquality 


4n V (Q1, 2) ~~ (M (1, o2))? >0. 


Proposition 3.5. V'(¢1,¢2) = 4\qV(¢1, ¢2) — (M(¢1, ¢2))? > 0 for all 
o = (¢1, 62)" E€ R?/{0} if and only if Aho > 0, àh, > 0 and 
(1) A'=0, Azi V Noa = A13 V Ako» 
NF + 8Nio V AoAo = 4A40Ah2 < 2440 V AoAo; 
(2) A'>0, Ma Aay Tal S ty Naa Na + N a AN 
(i) —2/ Ada < A22 < 6 NoAoai 
(ii) Aba > 64/ A4004 and 
We Noa PA E h NoMa a AA 
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Proof. We may expand the polynomial V'(¢,, ¢2) as follow, 


V' (p1, 62) =4AnV (Q1, 62) — (M (61, ¢2))? 
=(4d40AW — Afr) + (4AHA31 — 2An20AH11) 6192 
+ (4X22 — 2A H20AH02 — Àf) 
+ (4AqA13 — 2Ax02AH11) 6163 + (4AaAH — AZzo2) 2 
=) 0b] + A310192 + A220103 + A130103 + à0402- 
So this definite a 4th order 2 dimensional symmetric tensor V = (vijkı) with 
its entries 


1 1 1 
/ / / / / 
Vil = N40; U2222 = Apá» V1112 = 73 V1122 = G22 V1222 = Toi: 


From Theorem 3.1 or 3.3, the expected conclusions follow. 


Altogether, we obtain a necessary and sufficient condition of positive def- 
initeness for a special 4th order 3-dimension symmetric tensor defined by 
mathematical models in particle physics. 


Theorem 3.6. A tensor V = (vijkı) given by (3.6) is positive definite if and 
only if Ay > 0 and 


(1) Anz > 0, Ax02 > 0, 4Ax20AH02 — AZ, > 0, Aso > 0, Avs > 0 and 
D A=0, Azv = Ai3V Aco, 
A31 + 840V A4004 = 4A40A22 < 24A40 V A4004; 
GA S0 \ Daa as =al S 47 a a AA 
(i) —2vV A4004 < A22 < 6V A40A04; 
(ii) A22 > 6y A40A04 and 
Aavan tiny Anla 44/ Ai — AAVA: 
(2) An20 < 0, Ax02 < 0, 4Am20ÀH02 — Afri < 9, 
Ao = 4AL0 AH = Atad = 0, AoA = ANosAH = Arop > 0 and 


© A =0, A31 yAn = A13 V A0: 
NB + BAkz V AkoAg4 = 4A4oAB2 < 24X90 V Akob; 
@® A>, [A3 VAa — Ayl < TORA + 2A40A04 V À40A04; 


(i) —2 Ni1004 < A22 <6 A10A04; 
(ii) Aba > 64/ NigAba and 


Ataa E My Mal S Ay Na NA Mo ee 


11 


Moreover, these analytical conditions are the vacuum stability conditions 
for the potential (3.3) of two real scalar fields ¢; and ġı and the Higgs doublet 
H also. 


Theorem 3.7. A tensor V = (vijx) given by (3.6) with Aq > 0, Aso > 0 and 
os > 0 is positive semi-definite if and only if 


(1) Anz > 0, Axo2 > 0, 4AH20AH02 — AZ41 > 0 and 
A>0, Aavan Auvo < Ay Amia + AAV AnA 
(i) —2V A4004 < A22 < 6WAsoAo4; 
(ii) A22 > 6y agro and 
lAs1 VAo4 + AraVAao| < 4V Ago Az2A04 — 2AsoA0aV AtoA0a- 


(2) A120 < 0, AH02 < 0, AX no0AH02 = Aii < 0, Ao > 0, Aba > 0 and 


a2 0, [Asi V/ roa = A3 V Aol < TENEN + 2X4004'V N00 
(i) —2 1004 < A22 <6 410043 
(ii) Abo > BY AoA, and 


[A31 V A04 + A13 V Akol < ay NoA22Aoa — 2A40A04 V A40A04: 


Remark 3.1. In this paper, we showed an analytically necessary and suf- 
ficient condition of positive definiteness for a special 4th order 3-dimension 
symmetric tensor defined by mathematical models in particle physics with 
the help of the analytical expressions of positive definiteness for 4th order 
2-dimension symmetric tensors. However, we do not still know how to solve 
an analytical expressions of positive definiteness for a general 4th order 3- 
dimension symmetric real tensor or higher dimensional tensor. 
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